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Can we extract, from an available proof that each

Da(x1, . . . , xk) = 0 , a ∈ N ,

in some indexed family of equations has at most one solution in N , an effective bound
Ca such that when x1 = v1 , . . . , xk = vk solves Da = 0 then v1, . . . ,vk 6 Ca ?
In 1974 (cf. [3]), Yuri V. Matiyasevich provided a negative answer referring to a family
of Diophantine equations that involve exponentiation, u 7→ 2u, and speculated that an
alike limitation holds for some collection of polynomials Da with integral coefficients.

The said limiting result relies, in part, on the fact that the graph

F(a , b) ⇐⇒ F (a) = b

of any primitive recursive function F : N −→ N can be specified in the form

∃x1 · · · ∃xk ϕ(

parameters︷︸︸︷
a, b ,

unknowns︷ ︸︸ ︷
x1, . . . , xk ) ,

where ϕ is an arithmetic formula not involving universal quantifiers, negation, or im-
plication. Representability in this form can be achieved even if solely addition and
multiplication operators (along with equality and with positive integers) are adopted
as primitive symbols of the arithmetic signature; but can representability be reconciled
with univocity, to wit,

∃x1 · · · ∃xk ∀ y1 · · · ∀ yk
[
ϕ(a, b, y1, . . . , yk) =⇒ & k

i=1

(
yi = xi

) ]
,

or (at worst) with finite-fold-ness

∃x ∀ y1 · · · ∀ yk
[
ϕ(a, b, y1, . . . , yk) =⇒

∑k
i=1yi 6 x

]
,

without calling into play one extra operator designating u 7→ 2u ?

As a preparatory measure towards a hoped-for positive answer to this question, one
may consider surrogating the exponentiation operator by a relator J (u, v) designating
an exponential-growth relation (a notion made explicit by Julia Bowman Robinson in
1952). To meet our desiderata, such a relation should be representable in polynomial
terms and should link with each u in its domain only a finite number of v’s. A promising
recipe for constructing such a relation, advanced by Martin Davis in 1968, has been
recently reused to construct five new candidate relations. Unfortunately, establishing
whether a potential candidate is apt to the job calls for the hard task of proving that
at least one of a few special quaternary quartic equations, each corresponding to one
of the Heegner numbers 2, 3, 7, 11, 19, 43, 67, 163 , has a finite overall number of integral
solutions.

The following synoptic table shows the candidate ‘rule-them-all’ equations obtained
(cf. [1]) through the construction pattern proposed in Davis’ 1968 paper [2]. Each such
equation is associated with one of the nine so-called Heegner numbers; today we know



that proving that any of the quartics

d = 2 2 ·
(
r2 + 2 s2

)2 − (u2 + 2 v2
)2

= 1

3 3 ·
(
r2 + 3 s2

)2 − (u2 + 3 v2
)2

= 2

7 7 ·
(
r2 + 7 s2

)2 − 32 ·
(
u2 + 7 v2

)2
= −2

11 11 ·
(
r2 + r s + 3 s2

)2 − (v2 + v u+ 3u2
)2

= 2

19 19 · 32 ·
(
r2 + r s + 5 s2

)2 − 132 ·
(
v2 + v u+ 5u2

)2
= 2

43 43 ·
(
r2 + r s + 11 s2

)2 − (v2 + v u+ 11u2
)2

= 2 ,

associated with the respective Pell equations x2 − d y2 = 1 has only a finite number of
solutions in Z would suffice to ensure that every recursively enumerable set admits a
finite-fold polynomial Diophantine representation.

If the equation associated with d is finite-fold, then the following dyadic relation Md

over N admits a polynomial Diophantine representation:

d ∈ {2, 7} : Md(p, q) := ∃ ` > 4
[
q = y2`(d) & p | q & p > 2`+1

]
,

d ∈ {3, 11, 19, 43} : Md(p, q) := ∃ ` > 5
[
q = y22 `+1(d) & p | q & p > 22 `+2

]
,

where 〈yi(d)〉i∈N is the endless, strictly ascending, sequence consisting of all solutions

in N to the said equation d y2 + 1 = 2 . Independently of representability, each Md

turns out to satisfy J. Robinson’s exponential growth criteria and Y. Matiyasevich’s
condition (cf. [5]):∥∥∥∥ Integers α > 1 , β > 0 , γ > 0 , δ > 0 exist such that to each w ∈ N \ {0} there

correspond u, v such that: M (u , v) , u < γ wβ , and v > δ αw hold.

It is very hard to guess whether the number of solutions to any of the six quartics
shown above is finite or infinite. For quite a while the authors hoped that Matiya-
sevich’s surmise that each r.e. set admits a single-fold polynomial Diophantine rep-
resentation could be established by just proving that the sole solution to the quartic

2 ·
(
r2 + 2 s2

)2 − (u2 + 2 v2
)2

= 1 in N is 〈r̄, s̄, ū, v̄〉 = 〈1, 0, 1, 0〉 ; but Evan O’Dorney
(University of Notre Dame) and Bogdan Grechuk (University of Leicester) sent us kind
communications that they had found two, respectively three, non-trivial solutions to
this equation. The least solution is:

r1 = 8778587058534206806292620008143660818426865514367,
s1 = 1797139324882565197548134105090153037130149943440,
u1 = 5221618295817678692343699483662704959631052331713,
v1 = 6739958317343073985310999451965479560858521871624;

the components of the third solution are numbers of roughly 180 decimal digits each.
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