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We study the well-quasi-order (wqo) consisting of the set of finite trees with internal
and leaf labels coming from arbitrary wqo’s P and Q respectively, ordered by homo-
morphic embeddability which respects the order of the labels. This is a variant of
the usual Kruskal ordering but without infima preservation. We calculate the precise
maximal order types of these wqo’s — in the style of De Jongh, Parikh, and Schmidt
— as a function of the maximal order types of P and Q. In doing so, we sharpen
some upcoming results of Andreas Weiermann and Harvey Friedman. This also helps
to calibrate the reverse mathematical strength of certain well-foundedness assertions
and obtain natural combinatorial independence results.

Nash-Williams proved that arbitrary transfinite sequences using finitely many ele-
ments from a well-quasi-ordered set are also well-quasi-ordered, but the proof does not
offer immediate information about the maximal order type. Erdos and Rado previously
proved this for the specific case of sequences of length ωn using a more concrete ap-
proach. Our results lead to precise bounds for transfinite sequences of length less than
ωω, using the correspondence between the set of labeled finite trees and indecompos-
able transfinite sequences of finite range with length less than ωω. Specific instances
of this wqo have also been considered by Marcone and Montalban in their study of a
limited form of Fraisse’s Conjecture.
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