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The modal µ-calculus Lµ is a decidable, but very expressive extension of modal
logic as it embeds many modal/temporal logics such as PDL, CTL and CTL∗. Dawar
and Otto [1] have shown a modal characterisation theorem for Lµ over K4 frames.
In particular, they proved that a weaker logic L3∞ is equivalent to the bisimulation
invariant part of MSO. The tangle logic L3∞ is defined by replacing the fixed point
operator with the tangle derivative operator which is defined on a finite set of formulas
Γ as 3∞Γ := νx.

∧
φ∈Γ 3(φ ∧ x). It is of significance in the study of topological

modal logic as it corresponds to an extension of the notion of the perfect core of a set.
Furthermore, similar questions of the expressivity of tangle operators arise for arbitrary
topological derivative spaces which are the topological semantics characterised by the
logic of so-called weakly transitive frames wK4.

An analysis of Baltag, Bezhanishvili and Fernández-Duque [2] gave completeness and
weak FMP for Lµ over wK4 frames as well as topological derivative spaces. This was
done by using the notion of finality, where a world w is final in a model M for some
formula ϕ if M,w ⊨ ϕ and given u with wRu and M,u ⊨ ϕ then uRw. They show that
we cannot have the same kind of modal characterisation theorem of Lµ over wK4.

At the same time we know that L3∞ is not as expressive as Lµ over wK4 frames.
We use the notion of finality and the finite model property to show that a slightly
more expressive tangle operator does in fact provide a logic equivalent to that of Lµ

over wK4 frames. As a corollary we get a model theoretic proof of the collapse of the
alternation hierarchy over wK4 frames, a result which was recently shown using proof
theoretic methods in [3].
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