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The universe of sets

ZFC set theory attempts to axiomatize the universe of sets V
The cumulative hierarchy (V,, : « € Ord) is defined by recursion:
> Vo=10
» For any ordinal o, V41 is the powerset of V,,
» For any limit ordinal A, V) =,y Va

The universe of sets is the proper class union V = J, co.q Va

» Many fundamental questions about V/, e.g., the Continuum
Hypothesis, are left unanswered by the ZFC axioms

» Seeking to remedy this, Godel suggested two directions: inner
models and large cardinals
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The constructible universe, continued

» [ is the smallest inner model, i.e., model of ZF containing all
ordinal numbers

» Godel showed in ZF that L is a model of ZFC plus GCH
» Since then, a detailed theory of L has been developed

» Godel introduced the Axiom of Constructibility, or V = L,
which states that every set is constructible

The proposition 4 added as a new axiom seems to give a natural com-
pletion of the axioms of set theory, in so far as it determines the vague
notion of an arbitrary infinite set in a definite way. In this connection it is
important that the consistency-proof for A4 does not break down if stronger
axioms of infinity (e.g., the existence of inaccessible numbers) are adjoined
to T. Hence the consistency of A seems to be absolute in some sense, al-
though it is not possible in the present state of affairs to give a precise
meaning to this phrase.

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

Large cardinal axioms

Gabriel Goldberg ge cardinals and the Ultrapower Axiom



Inner models and large cardinals

Large cardinal axioms

For first of all the axioms of set theory by no means form a system closed in
itself, but, quite on the contrary, the very concept of set'” on which they are
based suggests their extension by new axioms which assert the existence of still
further iterations of the operation “set of.” These axioms can also be formulated
as propositions asserting the existence of very great cardinal numbers or (which
is the same) of sets having these cardinal numbers. The simplest of these strong
“axioms of infinity” assert the existence of inaccessible numbers (and of num-
bers inaccessible in the stronger sense) > (. The latter axiom, roughly speak-
ing, means nothing else but that the totality of sets obtainable by exclusive use
of the processes of formation of sets expressed in the other axioms forms again a
set (and, therefore, a new basis for a further application of these processes).

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

0=1
T
T n-huge
{

superhuge

huge
1

almost huge
Vopénka's Principle <
4

extendible —_
supercompact

/ T~ strongly compact
superstrong - /

Woodin
¥
strong

0f exists

mcmsumblc

Ramsey
T Rowbotiom
Jnnwon —
K —> (05

Vu € "’w(a exists)

0" exists
T w5

indescribable
weakly compact <
a-Mahlo =
T Mahlo —_
a-inaccessible
inaccessible <

weakly inaccessible

the Ultrapower Ax




Inner models and large cardinals

o=t
10-13

T n-huge
{

superhuge

extendible —_
supercqpa

superstrong /
\)

strongly compact

Woodin
4

strong

0f exj

Ramsey
Jonsson

1

T Va e Yw(a” exists)
1

0" exists \

weakly compact <

K (@n5®

indeso
a-Mahlo =

Mahlo —_
a-inaccessible
inaccessible <

weakly inaccessible

the Ultrapower Ax




Inner models and large cardinals

ety sy, AD_R + 15 3 Woodin Imit

Superstrong <+ of Woodins in HOD

Hyper-Woodin

Shelah
Weakly hyper-Woodin
Measurable Woodin

-~ Ramsey Woodin

Weakly compact Woodin

W kot aedos ———_|
1
M

AD_R + 85 Mahlo

AD_R + © s measurable

Jonsson Woodin AD_R + @ Is weakly compact in HOD

AD_R + ©1s Mahio in HOD

©-requiar Hypothesis «—————————> AD_R +© is requiar

Inaceessible limit of Woodins
 small strongs.

Proper class of Woodins and strongs

Limit of Woodins.
and smallstrongs

———————>mRro0cw

s
Limit of Woodins.
and a smallstrang below

Proper class of Woodins

e —

YXER: M) exists > I determinacy

- Woodin  determinacy

Gabriel Goldberg ge cardinals and the Ultrapower Ax

———— arios0




Inner models and large cardinals

Gabriel Goldberg Large cardinals the Ultrapower Axiom



Inner models and large cardinals

Gabriel Goldberg the Ultrapower Axiom




Inner models and large cardinals

Gabriel Goldberg e cardinals and the Ultrapower Axiol




Inner models and large cardinals

ol
,,frirgr,;é

)

Gabriel Goldberg e cardinals and the Ultrapower Axiol



Inner models and large cardinals

Measurable cardinals and elementary embeddings

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

Measurable cardinals and elementary embeddings

An uncountable cardinal « is measurable if there is a nonprincipal
k-complete ultrafilter on &

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

Measurable cardinals and elementary embeddings

An uncountable cardinal « is measurable if there is a nonprincipal
k-complete ultrafilter on &

If U is an Ry-complete ultrafilter on a set X, the ultrapower VX /U
of the universe of sets by U is isomorphic to an inner model, which
we denote by Ult(V, U)

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

Measurable cardinals and elementary embeddings

An uncountable cardinal x is measurable if there is a nonprincipal
k-complete ultrafilter on &

If U is an Ry-complete ultrafilter on a set X, the ultrapower VX /U
of the universe of sets by U is isomorphic to an inner model, which
we denote by Ult(V, U)

The ultrapower construction yields an elementary embedding

ju: V= Ul(V, V)

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



Inner models and large cardinals

Measurable cardinals and elementary embeddings

An uncountable cardinal x is measurable if there is a nonprincipal
k-complete ultrafilter on &

If U is an Ry-complete ultrafilter on a set X, the ultrapower VX /U
of the universe of sets by U is isomorphic to an inner model, which
we denote by Ult(V, U)

The ultrapower construction yields an elementary embedding
Ju:V = Ul(V,U)

given by jy(a) = [ca]u where ¢, : X — {a} is the constant function
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If M and N are inner models and j : M — N is an elementary
embedding, the critical point of j is the least ordinal number
such that j(k) > &

Theorem (Scott)

A cardinal is measurable iff it is the critical point of an elementary
embedding from the universe of sets into an inner model.
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Scott’s theorem

If M and N are inner models and j : M — N is an elementary
embedding, the critical point of j is the least ordinal number
such that j(k) > &

Theorem (Scott)

A cardinal is measurable iff it is the critical point of an elementary
embedding from the universe of sets into an inner model.

Theorem (Scott)

If there is a measurable cardinal, the Axiom of Constructibility is
false; that is, there is a nonconstructible set.
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Inner models for large cardinals

Among all proposed axioms for set theory, large cardinal axioms
alone have canonical inner models

For example, although L contains no measurable cardinals, if x is
measurable, there is a minimum inner model where k is measurable

It is denoted by L[U] since it can be obtained as the class of sets
constructible relative to some/any k-complete ultrafilter U on k
A detailed theory for L[U] has been worked out:

» Silver showed L[U] satisfies GCH

» Kunen showed L[U] is independent of U and its first-order
theory is independent of x

» He also classified x-complete ultrafilters in L[U] and
elementary embeddings from L[U] to an inner model of L[U]
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Given a k-complete ultrafilter U on &, one can form iterated
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> My = L[U], Uy = Un L[U]
> May1 = Ult(Ma, Us), Uas1 = ju, (Us)
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Kunen's theory of L[U] is based on his comparison lemma
Given a k-complete ultrafilter U on &, one can form iterated
ultrapowers (M,, : « € Ord) of L[U]:
> My = L[U], Up = Un L[U]
> Myt1 = U|t(/\/]m Ua), Uat1 :.jUa(Ua)
» For A alimit, (My, Uy) = limgex(Mq, Uy)

Comparison Lemma (Kunen)

If U is a k-complete ultrafilter on k and U’ a k’-complete ultrafilter
on ', L[U] and L[U'] have a common iterated ultrapower.
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The comparison lemma
Kunen's theory of L[U] is based on his comparison lemma
Given a k-complete ultrafilter U on &, one can form iterated
ultrapowers (M,, : « € Ord) of L[U]:
> My = L[U], Up = Un L[U]
> Myt1 = U|t(/\/la, Ua), Uat1 :.jUa(Ua)
» For A alimit, (My, Uy) = limgex(Mq, Uy)

Comparison Lemma (Kunen)

If U is a k-complete ultrafilter on k and U’ a k’-complete ultrafilter
on ', L[U] and L[U'] have a common iterated ultrapower.

This yields an inner model N and elementary embeddings
J:L[Ul—= Nandj :L[U]—= N
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Inner models and large cardinals

The comparison lemma, continued

There is a theory of canonical inner models for large cardinals that
reaches axioms far stronger than measurability; e.g., strong
cardinals, Woodin cardinals, Woodin limits of Woodin cardinals

The theory revolves around a generalization of Kunen’s comparison
lemma

Roughly speaking this asserts that any canonical inner models M
and N have iterated ultrapowers M* and N* such that either
M* e N*, N* € M*, or N* = M*
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The inner model problem is the problem of extending the theory of
canonical inner models to stronger large cardinal axioms

To make this somewhat more precise, one can pick a specific large
cardinal to target

For example, a cardinal « is strongly compact if every k-complete
filter extends to a xk-complete ultrafilter
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Inner models and large cardinals

The inner model problem for strongly compact cardinals

The inner model problem is the problem of extending the theory of
canonical inner models to stronger large cardinal axioms

To make this somewhat more precise, one can pick a specific large
cardinal to target

For example, a cardinal « is strongly compact if every k-complete
filter extends to a xk-complete ultrafilter

Is there a canonical model with a strongly compact cardinal? Is
there a comparison lemma at the level of strong compactness?
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The Ultrapower Axiom is an instance of the comparison lemma
that can be formulated abstractly and precisely
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The Ultrapower Axiom is an instance of the comparison lemma
that can be formulated abstractly and precisely

It holds in all known canonical inner models of large cardinal
axioms, and is expected to hold in any canonical inner model that
will ever be built
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The Ultrapower Axiom is an instance of the comparison lemma
that can be formulated abstractly and precisely

It holds in all known canonical inner models of large cardinal
axioms, and is expected to hold in any canonical inner model that
will ever be built

By studying the Ultrapower Axiom in the context of strong
compactness, we seem to get a first glimpse of inner model theory
at this level
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The Ultrapower Axiom

The Ultrapower Axiom

The Ultrapower Axiom is an instance of the comparison lemma
that can be formulated abstractly and precisely

It holds in all known canonical inner models of large cardinal
axioms, and is expected to hold in any canonical inner model that
will ever be built

By studying the Ultrapower Axiom in the context of strong
compactness, we seem to get a first glimpse of inner model theory
at this level

This enables us to evaluate the prospects for the inner model
theory of strongly compact cardinals: optimistically, to guide the
way there; pessimistically, to prove an anti-inner model theorem
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If M is an inner of ZFC and M satisfies that U is an Nj-complete
ultrafilter on X, one can form the ultrapower of M by U

ju: M = Ult(M, U)

If M and N are transitive models of ZFC, an elementary
embedding j : M — N is an ultrapower embedding if for some
U € M such that M satisfies that U is an Nj-complete ultrafilter
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Ultrapower embeddings
If M is an inner of ZFC and M satisfies that U is an Nj-complete
ultrafilter on X, one can form the ultrapower of M by U

ju: M = Ult(M, U)

If M and N are transitive models of ZFC, an elementary
embedding j : M — N is an ultrapower embedding if for some
U € M such that M satisfies that U is an Nj-complete ultrafilter

> N = Ul(M, U)
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Ultrapower embeddings

If M is an inner of ZFC and M satisfies that U is an Nj-complete
ultrafilter on X, one can form the ultrapower of M by U

ju: M = Ult(M, U)

If M and N are transitive models of ZFC, an elementary
embedding j : M — N is an ultrapower embedding if for some
U € M such that M satisfies that U is an Nj-complete ultrafilter

> N = Ult(M, U)
> j=Ju
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The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

oo jo=110]1
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The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

oo jo=110]1

> UA is only interesting in the context of measurable cardinals
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The Ultrapower Axiom

The Ultrapower Axiom, continued
Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that
loojo="hohn
> UA is only interesting in the context of measurable cardinals

» UA is not provable from ZFC or from large cardinal axioms
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The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

oo jo=110]1

> UA is only interesting in the context of measurable cardinals
» UA is not provable from ZFC or from large cardinal axioms

» Instead, UA is a structure principle for large cardinals
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The Ultrapower Axiom

The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

loojo=1Mhoj
> UA is only interesting in the context of measurable cardinals
» UA is not provable from ZFC or from large cardinal axioms

» Instead, UA is a structure principle for large cardinals
» Con(ZFC + measurable) implies Con(ZFC + UA + measurable)
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The Ultrapower Axiom

The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

oo jo=110]1

UA is only interesting in the context of measurable cardinals

UA is not provable from ZFC or from large cardinal axioms

Con(ZFC + measurable) implies Con(ZFC + UA + measurable)

>

>

» Instead, UA is a structure principle for large cardinals

>

» Same result for any large cardinal with a canonical inner model

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom

The Ultrapower Axiom, continued

Ultrapower Axiom: If jo: V — My and j1 : V — Mj are
ultrapower embeddings, then for some inner model N, there are
ultrapower embeddings ip : Mg — N and i1 : M7 — N such that

oo jo=110]1

> UA is only interesting in the context of measurable cardinals
» UA is not provable from ZFC or from large cardinal axioms

» Instead, UA is a structure principle for large cardinals

» Con(ZFC + measurable) implies Con(ZFC + UA + measurable)
» Same result for any large cardinal with a canonical inner model
» Open: is UA consistent with a strongly compact cardinal?
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The Ketonen order
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The Ketonen order

The key concept in the theory of UA is the Ketonen order
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The Ketonen order

The key concept in the theory of UA is the Ketonen order

Suppose U and W are Ni-complete ultrafilters on an ordinal §
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The Ultrapower Axiom

The Ketonen order

The key concept in the theory of UA is the Ketonen order
Suppose U and W are Ni-complete ultrafilters on an ordinal §

U < W if there are Ni-complete ultrafilters U, on each oo < §
such that forany AC 9, Ac Uiff Ana € U, for W-almost all «
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The Ultrapower Axiom

The Ketonen order

The key concept in the theory of UA is the Ketonen order
Suppose U and W are Ni-complete ultrafilters on an ordinal §

U < W if there are Ni-complete ultrafilters U, on each oo < §
such that forany AC 9, Ac Uiff Ana € U, for W-almost all «

Theorem (G.)

The Ketonen order is transitive and wellfounded.
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The Ultrapower Axiom

The Ketonen order

The key concept in the theory of UA is the Ketonen order
Suppose U and W are Ni-complete ultrafilters on an ordinal §

U < W if there are Ni-complete ultrafilters U, on each oo < §
such that forany AC 9, Ac Uiff Ana € U, for W-almost all «

Theorem (G.)

The Ketonen order is transitive and wellfounded.

Let 5.(0) denote the set of k-complete ultrafilters on §
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The Ultrapower Axiom

The Ketonen order

The key concept in the theory of UA is the Ketonen order
Suppose U and W are Ni-complete ultrafilters on an ordinal §

U < W if there are Ni-complete ultrafilters U, on each oo < §
such that forany AC 9, Ac Uiff Ana € U, for W-almost all «

Theorem (G.)

The Ketonen order is transitive and wellfounded.

Let 5.(0) denote the set of k-complete ultrafilters on §

Theorem (G.)
UA holds iff for all 6 € Ord, the Ketonen order on Py, (9) is linear.
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom

Example: the Ketonen order on the least measurable
Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,.?
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &
» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U

» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U

» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U

» U, is the unique nonprincipal normal ultrafilter on

Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}

What is Uy, ?
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).

For a < v, let U, denote the a-th N;-complete ultrafilter on &
» Uy={ACkKk:ac A} forany a <k

What is U,;? An ultrafilter U on & is normal if every f : k — K

such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on

Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}

What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &
» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable

Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
Let kpt1 = &7/ Uy,
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable
Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
Let kpt1 = &7/ Uy,
> Ue, = Us + Ug + Ug
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable
Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
Let kpt1 = &7/ Uy,
> Ue, = Us + Ug + Ug
» Uiy = Ui+ Us + U + Ug
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable
Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
Let kpt1 = &7/ Uy,
> Ue, = Us + Ug + Ug
» Uey = Ui + U + Ug + Uy, etc.
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The Ultrapower Axiom

Example: the Ketonen order on the least measurable
Assume UA, let k be the least measurable and v = ot(fy,(k), <k).
For a < v, let U, denote the a-th N;-complete ultrafilter on &

» Uy={ACkKk:ac A} forany a <k
What is U,;? An ultrafilter U on & is normal if every f : k — K
such that f(«) < « for all positive av < & is constant on a set in U
» U, is the unique nonprincipal normal ultrafilter on
Let k1 = ot(x"/Uy). If B < k1, B=ot([[c, ag/U) where ag < r
> Ug={ACK: U ag € A}
What is U,,? Set U+ W = {AC k: Ua W3 B+ a € A}.
> Unl = Un + UH
Let kpt1 = &7/ Uy,
> Ue, = Us + Ug + Ug
» Ugy = Ui + Ug + Ug + Uy, etc.
» Every ultrafilter on & is equivalent to a Uy, so v = sup,_, kn
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The Ultrapower Axiom

Example: larger measurable cardinals
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The Ultrapower Axiom

Example: larger measurable cardinals

Suppose U and W are normal ultrafilters on a cardinal
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The Ultrapower Axiom

Example: larger measurable cardinals

Suppose U and W are normal ultrafilters on a cardinal
The Mitchell order is defined by setting U < W if U € Ult(V, W)
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The Ultrapower Axiom

Example: larger measurable cardinals

Suppose U and W are normal ultrafilters on a cardinal
The Mitchell order is defined by setting U < W if U € Ult(V, W)

Proposition

If U and W are normal, then U < W iff U <, W.
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The Ultrapower Axiom

Example: larger measurable cardinals

Suppose U and W are normal ultrafilters on a cardinal
The Mitchell order is defined by setting U < W if U € Ult(V, W)

If U and W are normal, then U < W iff U <, W.

Theorem (G.)

Under the Ultrapower Axiom, the Mitchell order well orders the
normal ultrafilters on any measurable cardinal.
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The Ultrapower Axiom

The Generalized Continuum Hypothesis
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The Ultrapower Axiom

The Generalized Continuum Hypothesis

Theorem (Solovay)

If k is strongly compact and \ > k is a singular strong limit
cardinal, then 2* = \*.
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The Ultrapower Axiom

The Generalized Continuum Hypothesis

Theorem (Solovay)

If k is strongly compact and \ > k is a singular strong limit
cardinal, then 2* = \*.

The Ultrapower Axiom completes the picture:

Corollary (G.)

Assuming the Ultrapower Axiom, if K is strongly compact and
\ > k is any cardinal, then 2 = \*.
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The Ultrapower Axiom

The Generalized Continuum Hypothesis

Theorem (Solovay)

If k is strongly compact and \ > k is a singular strong limit
cardinal, then 2* = \*.

The Ultrapower Axiom completes the picture:

Corollary (G.)

Assuming the Ultrapower Axiom, if K is strongly compact and
\ > k is any cardinal, then 2 = \*.

Remark: UA does not settle the Continuum Hypothesis itself
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The Ultrapower Axiom

Ordinal definability
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The Ultrapower Axiom

Ordinal definability

Godel suggested that there might be a formal notion that captures
the intuitive concept of definability the way Turing computability
captures the concept of effectiveness
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The Ultrapower Axiom

Ordinal definability

Godel suggested that there might be a formal notion that captures
the intuitive concept of definability the way Turing computability
captures the concept of effectiveness

He proposed ordinal definability for this purpose. A set is ordinal
definable if it is definable in V from ordinal parameters

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom

Ordinal definability

Godel suggested that there might be a formal notion that captures
the intuitive concept of definability the way Turing computability
captures the concept of effectiveness

He proposed ordinal definability for this purpose. A set is ordinal
definable if it is definable in V from ordinal parameters

He also defined the class HOD of all hereditarily ordinal definable
sets and noted that HOD is an inner model of ZFC
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The Ultrapower Axiom

Ordinal definability

Godel suggested that there might be a formal notion that captures
the intuitive concept of definability the way Turing computability
captures the concept of effectiveness

He proposed ordinal definability for this purpose. A set is ordinal
definable if it is definable in V from ordinal parameters

He also defined the class HOD of all hereditarily ordinal definable
sets and noted that HOD is an inner model of ZFC

Is every set ordinal definable? Equivalently, is V = HOD?
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The Ultrapower Axiom

Ordinal definability

Godel suggested that there might be a formal notion that captures
the intuitive concept of definability the way Turing computability
captures the concept of effectiveness

He proposed ordinal definability for this purpose. A set is ordinal
definable if it is definable in V from ordinal parameters

He also defined the class HOD of all hereditarily ordinal definable
sets and noted that HOD is an inner model of ZFC

Is every set ordinal definable? Equivalently, is V = HOD?

Theorem (G.)

Under the Ultrapower Axiom, there is a subset of the least strongly
compact cardinal from which every set is ordinal definable. As a
consequence, V is a forcing extension of HOD.
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The Ultrapower Axiom in nature

The Ultrapower Axiom in nature
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The Ultrapower Axiom in nature

The Kunen inconsistency
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The Ultrapower Axiom in nature

The Kunen inconsistency

Elementary embedding characterizations of large cardinals suggest
the notion of a Reinhardt cardinal, the critical point of an
elementary embedding from the universe of sets to itself

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom in nature

The Kunen inconsistency

Elementary embedding characterizations of large cardinals suggest
the notion of a Reinhardt cardinal, the critical point of an
elementary embedding from the universe of sets to itself

Theorem (Kunen)

There are no Reinhardt cardinals.
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The Ultrapower Axiom in nature

The Kunen inconsistency

Elementary embedding characterizations of large cardinals suggest
the notion of a Reinhardt cardinal, the critical point of an
elementary embedding from the universe of sets to itself

Theorem (Kunen)
There are no Reinhardt cardinals.

In fact, there cannot be a nontrivial elementary embedding from a
double successor level of the cumulative hierarchy to itself, i.e.,
from V40 to Vo
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The Ultrapower Axiom in nature

The Kunen inconsistency

Elementary embedding characterizations of large cardinals suggest
the notion of a Reinhardt cardinal, the critical point of an
elementary embedding from the universe of sets to itself

Theorem (Kunen)
There are no Reinhardt cardinals.

In fact, there cannot be a nontrivial elementary embedding from a
double successor level of the cumulative hierarchy to itself, i.e.,
from V40 to Vo

The proof uses the Axiom of Choice in an essential way. We now
turn to large cardinals at this level in the absence of choice
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The Ultrapower Axiom in nature

Definability of elementary embeddings
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The Ultrapower Axiom in nature

Definability of elementary embeddings

No elementary embedding j : V — V can be definable
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The Ultrapower Axiom in nature

Definability of elementary embeddings
No elementary embedding j : V — V can be definable

Suppose A is a limit ordinal
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The Ultrapower Axiom in nature

Definability of elementary embeddings
No elementary embedding j : V — V can be definable

Suppose A is a limit ordinal

» Schlutzenberg showed: if j : V), — V) is elementary, j is not
definable from parameters over V)
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The Ultrapower Axiom in nature

Definability of elementary embeddings

No elementary embedding j : V — V can be definable
Suppose A is a limit ordinal

» Schlutzenberg showed: if j : V), — V) is elementary, j is not
definable from parameters over V)
> If j: Vig1 — Vi1 is elementary, then j is definable from

parameters over Vi 1: for A€ Vi1, j(A) = Uper (AN Vo)
where i =j | V),
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The Ultrapower Axiom in nature

Definability of elementary embeddings
No elementary embedding j : V — V can be definable

Suppose A is a limit ordinal
» Schlutzenberg showed: if j : V), — V) is elementary, j is not
definable from parameters over V)
> If j: Vig1 — Vi1 is elementary, then j is definable from
parameters over Vi 1: for A€ Vi1, j(A) = Uper (AN Vo)
where i =j | V),
Schlutzenberg asked: if j : Vi,10 — V10 is elementary, must j be
undefinable over V27
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The Ultrapower Axiom in nature

Definability of elementary embeddings
No elementary embedding j : V — V can be definable

Suppose A is a limit ordinal

» Schlutzenberg showed: if j : V), — V) is elementary, j is not
definable from parameters over V)
> If j: Vig1 — Vi1 is elementary, then j is definable from
parameters over Vi 1: for A€ Vi1, j(A) = Uper (AN Vo)
where i =j | V),
Schlutzenberg asked: if j : Vi,10 — V10 is elementary, must j be
undefinable over V27

Theorem (G.-Schlutzenberg)

Ifj : Vo — V, is elementary, then j is definable over V, if and
only if o is odd.
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The Ultrapower Axiom in nature

Choiceless cardinals and the continuum problem
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The Ultrapower Axiom in nature

Choiceless cardinals and the continuum problem

Let X*(X) denote the supremum of all ordinals c such that there is
a surjection from X to «
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The Ultrapower Axiom in nature

Choiceless cardinals and the continuum problem

Let X*(X) denote the supremum of all ordinals c such that there is
a surjection from X to «

So W*(V,,) = w1, and N*(V,,11) = ©, the supremum of all ordinals
that are the surjective image of R
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The Ultrapower Axiom in nature

Choiceless cardinals and the continuum problem

Let X*(X) denote the supremum of all ordinals c such that there is
a surjection from X to «

So W*(V,,) = w1, and N*(V,,11) = ©, the supremum of all ordinals
that are the surjective image of R

Assuming AC, ®*(X) = |X|*, so e.g., © = (2%0)T and GCH holds
iff X*(Vy1a) = No41 for all a € Ord
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The Ultrapower Axiom in nature

Choiceless cardinals and the continuum problem
Let X*(X) denote the supremum of all ordinals c such that there is
a surjection from X to «

So W*(V,,) = w1, and N*(V,,11) = ©, the supremum of all ordinals
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Choiceless cardinals and the continuum problem
Let X*(X) denote the supremum of all ordinals c such that there is
a surjection from X to «

So W*(V,,) = w1, and N*(V,,11) = ©, the supremum of all ordinals
that are the surjective image of R

Assuming AC, ®*(X) = |X|*, so e.g., © = (2%0)T and GCH holds
iff X*(Vy1a) = No41 for all a € Ord

On the other hand, assuming the Axiom of Determinacy, © is a
strong limit cardinal — i.e., for all n < ©, P(n) does not surject
onto © — while R*(V,,12) =07

Theorem (G.)

Suppose there is a Reinhardt cardinal. Then for all sufficiently large
ordinals o, W*(V,,) is a strong limit cardinal if and only if o is odd.
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Back to the Ketonen order

The key to this theorem is the Ketonen order, and particularly a
choiceless analog of the Ultrapower Axiom that holds assuming the
existence of a Reinhardt cardinal

Recall that UA holds iff for all § € Ord, By, () is linearly ordered
by the Ketonen order

Theorem (G.)

If there is a Reinhardt cardinal, then for sufficiently large v, for all
3, By(6) is “almost” linearly ordered by the Ketonen order: any set
of incomparables in 3,() has cardinality less than .
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set of reals that are Al-definable from ordinal parameters

Let M, be the minimal inner model with n Woodin cardinals

» Assuming Al-determinacy, RN Mj is the set of reals that are
Al-definable from ordinal parameters

» Assuming Projective Determinacy, R N M, is the set of reals
that are A}, ,-definable from ordinal parameters

» Assuming infinitely many Woodins below a measurable,
R N M, is the set of ordinal definable reals of L(R)
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Inner models and descriptive set theory

» RN L can be characterized descriptive set theoretically as the
set of reals that are Al-definable from ordinal parameters

Let M, be the minimal inner model with n Woodin cardinals

» Assuming Al-determinacy, RN Mj is the set of reals that are
Al-definable from ordinal parameters

» Assuming Projective Determinacy, R N M, is the set of reals
that are A}, ,-definable from ordinal parameters

» Assuming infinitely many Woodins below a measurable,
R N M, is the set of ordinal definable reals of L(R)

What is HODE®)? [t turns out to be a canonical inner model
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continuous preimages
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e.g., such that L(I") satisfies the Axiom of Determinacy

Conjecture: If L(T) = AD, then HODY(") £ GCH

Sargsyan proved this up to the least I' such that
L(T") E ADgr + © is regular by analyzing L(I") as a canonical inner
model. The hope is that HODY(" js always a canonical inner model

Gabriel Goldberg Large cardinals and the Ultrapower Axiom



The Ultrapower Axiom in nature

Beyond L(RR)

A pointclass is a family of subsets of R that is closed under
continuous preimages

Canonical inner models of large cardinal axioms are tightly
connected to ordinal definability in “well-behaved” pointclasses I;
e.g., such that L(I") satisfies the Axiom of Determinacy

Conjecture: If L(T) = AD, then HODY(") £ GCH

Sargsyan proved this up to the least I' such that
L(T") E ADgr + © is regular by analyzing L(I") as a canonical inner
model. The hope is that HODY(" js always a canonical inner model

Larger pointclasses yield larger inner models. It's hoped that by
considering large enough I', one obtains arbitrarily strong large
cardinal axioms in the canonical inner model HOD(")
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The proof of Woodin's theorem shows that HODH™) satisfies
strong generalizations of UA, opening up a whole new line of
research into comparison principles.
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UA in HOD

Theorem (Woodin)

If L(T) E ADF, then HODHM & UA.

The proof of Woodin's theorem shows that HODH™) satisfies
strong generalizations of UA, opening up a whole new line of
research into comparison principles. For example:

Theorem (G.)

Assume L(T) E AD*, and work in HODY) . If § is not a limit of
cardinals k such that k is kT -supercompact, then the Mitchell
order well orders the (0, 225)—extenders E with V5o C UIt(V, E).
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The axiom [y states that there is an elementary embedding

J i L(Va+1) = L(Viag1) with crit(j) < A. This is one of the
strongest large cardinal axioms compatible with the Axiom of

Choice
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The axiom [y states that there is an elementary embedding

J i L(Va+1) = L(Viag1) with crit(j) < A. This is one of the
strongest large cardinal axioms compatible with the Axiom of
Choice

[Recently Schlutzenberg showed that ZFC + Iy is equiconsistent
with ZF + DC + a nontrivial elementary j : Vi1 — V2]

Assuming Iy holds at A, Cramer and Woodin showed that after
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An approach to the consistency of UA

The axiom [y states that there is an elementary embedding

J i L(Va+1) = L(Viag1) with crit(j) < A. This is one of the
strongest large cardinal axioms compatible with the Axiom of
Choice

[Recently Schlutzenberg showed that ZFC + Iy is equiconsistent
with ZF + DC + a nontrivial elementary j : Vi1 — V2]

Assuming Iy holds at A, Cramer and Woodin showed that after

collapsing A to become countable, there is a pointclass I such that
L(T) E ADT and LN = (R*(V)11))HVaw)

The former property implies HODM™ is a model of UA; the latter
property means that ' is “very large”

Possibility: HODX(") E there is a huge cardinal
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Overview

» The inner model problem is one of the fundamental open
problems in pure set theory

» The Ultrapower Axiom enables us to formulate this problem
precisely and suggests a positive answer
» UA shows up in many natural models of set theory
> A natural theory of large cardinal axioms?

» Prospects...
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